We study high order convergence of vanishing viscosity approximation to scalar hyperbolic conservation laws in one space dimension. We prove that, under suitable assumptions, in the region where the solution is smooth, the viscous solution admits an expansion in powers of the viscosity parameter ε. This allows an extrapolation procedure that yields high order approximation to the non-viscous limit as ε → 0. Furthermore, an integral across a shock also admits a power expansion of ε, which allows us to construct high order approximation to the location of the shock. Numerical experiments are presented to justify our theoretical findings.
Introduction
Consider a system of equations of conservation laws with viscosity in one space dimension u t + f (u) x = εu xx , u(0, x) =ū(x).
(1.1)
We want to study qualitatively how the solution of this system approximates the one without viscosity u t + f (u) x = 0 , u(0, x) =ū(x), (1.2) as the viscosity parameter ε tends to zero. It is well known that, even for a smooth initial data, the solution of (1.2) can develop shocks in finite time. This accounts for most of the difficulties in the theoretical and numerical studies of the solutions of (1.2).
For general solutions with small total variation, various approximating algorithms are known to converge to the unique entropy weak solution. Namely: the Glimm scheme [13] , wave-front tracking [2, 17] , and vanishing viscosity approximations [1] . In all cases, the rate of convergence is rather slow. For a fixed time τ > 0, as the step sizes ∆x, ∆t of the grid approach zero at the same rate, the analysis in [4] proved that
∆x | ln ∆x| = 0 .
A similar bound was established in [5] for viscous approximations. Namely, let A(u) = Df (u) be the Jacobian matrix of the flux function f , and u ε be the solution to the parabolic equation u with same initial data (1.2). Then, for a fixed time τ > 0 one has
Higher order numerical approximations to (1.2) has a large literature. Many methods have been proposed, see [7, 6, 21, 22, 25, 28] and reference therein. Most of high order schemes achieve high order convergence rates for smooth solutions. However, in the presence of shocks, the convergence is often degraded to fractional order.
According to Glimm's theorem, solutions to hyperbolic conservation laws are functions with bounded variation. Their set of discontinuities may well be everywhere dense. In this generality, it is unlikely that a high order approximation methods will ever be found. However, in most of the relevant applications, the solutions are much better behaved, with a finite number of shock curves and a finite set of points where new shocks form or two shocks interact. Throughout the paper, we assume the solution is piecewise smooth.
In order to achieve high convergence rates also in the presence of shocks, one possibility is to use high order front tracing algorithms, developed by Glimm and his co-authors [14, 15] . In a neighborhood of each shock line t → x(t), the system of quasi-linear equations
must be supplemented by the Rankine-Hugoniot conditions. For a shock connecting the left and right states u − , u + respectively, these take the form
Assuming that the solution is smooth to the right and to the left of the shock, one can use a Taylor expansion of (1.6) and derive a high order numerical algorithm. For a solution containing various shocks, it is essential that all shock curves are traced with high order. In the end, one has to solve a family of N ordinary differential equations, one for each shock curve, coupled with the quasi-linear hyperbolic system (1.5) in the various domains bounded by the shock curves, with appropriate boundary conditions derived from (1.6). Despite its complexities, the feasibility of this approach has been demonstrated in [14] .
In the present paper we pursue a different approach. At the present stage, our study is only a theoretical one, and we consider only the scalar equations in one space dimension. The idea is to construct viscous approximate solutions u ε of (1.1), with different viscosity coefficients ε 1 > ε 2 > · · · > 0. A high order approximation to the non-viscous solution u of (1.2) is then sought by means of Richardson's extrapolation technique.
More precisely, fix a time τ > 0. Assuming that the limit solution u(τ, ·) is piecewise smooth, with shocks located at x 1 < · · · < x N . On regions where u is smooth, under suitable assumptions, we prove that the viscous solution u ε has an expansion of the form
Knowing the values of u ε (x) for different values of ε yields a high order approximation to u(x). Furthermore, the location of the jth shocks x j can be recovered by computing a scalar functional of the form
where [a j , b j ] is an interval containing one shock x j in its interior. We prove that I j also satisfies an power expansion of the form
Combining this with an expansion for the values of u(τ, ·) to the right and to the left of the shock, we can construct a high order approximation of the location of the shock x j . In the literature, similar high-order convergence results were obtained in [12] , for vanishing viscosity approximations to Hamilton-Jacobi equations, restricted to open sets where the limit solution is smooth. A high order numerical method based on [12] is presented in [27] . Our paper provides a counter part for those two papers.
In Section 2 we present our main results, and give the proof. Numerical experiments supporting our theoretical findings are included in Section 3, which shows that high order accuracy is obtained. In Appendix we give the proof to a technical lemma, which provides an essential ingredient in the proof of our main theorem.
The main result
We consider here a scalar conservation law
and a bounded initial data
We assume that the flux function f is smooth and strictly convex, so that
In addition, we consider the viscous Cauchy problem with the same initial data
It is well known [19] 
In the following, the right and left limits of u at a point (t, x) are written
y) .
On regions where the limit solution is smooth, the main result on high order convergence of viscous approximations is the following.
Theorem 1. Assume that the solution u of (2.1)-(2.2) is uniformly Lipschitz continuous and infinitely many times continuously differentiable restricted to a domain of the form
where a(·), b(·) are Lipschitz continuous curves whose derivatives satisfẏ 
Then, for any k ≥ 1, the family of viscous solutions u ε admits an expansion at ε = 0: 
Remark 1.
A typical situation where (2.6) holds is when Ω is the region bounded by a maximal backward characteristic a(·) and a minimal backward characteristic b(·), as defined in [9] .
Proof of the theorem. The result will be proved in several steps.
1. Let δ > 0 be given. We begin by constructing smooth curves t → α(t) and t → β(t) such that
for some constants η, η > 0. To construct the curve α(·) we proceed as follows. Consider the backward Cauchy probleṁ
Since the right hand side of the O.D.E. is Lipschitz continuous, for every small η > 0 we obtain a unique solution
We can thus choose η > 0 small enough so that
By a mollification, we now replace the Lipschitz function x η (·) with a smooth function t → α(t) > a(t).
Using (2.6) and the continuity of u, we can achieve the bounḋ
Still by continuity, we can choose η > 0 such that the first inequality in (2.11) holds. The construction of the curve β(·) is similar. See Figure 1 for an illustration.
Figure 1: Illustration of α(t) and β(t).

Next, recalling that a(t) < α(t) < β(t) < b(t)
for all t ∈ [0, T ] and that u is smooth on the domain Ω, we construct a smooth functionũ :
and some constant M large enough. Defining the smooth function
it is trivial to check thatũ provides a solution to the balance law
Notice that, by construction, we have φ(t, x) = 0 whenever x ∈ [a(t) + η , b(t) − η], and also when |x| ≥ M .
3.
We now consider the viscous approximationsũ ε , defined as the solutions to the viscous Cauchy problems with source term
Since the limit solutionũ is globally smooth, it is well known that the functionsũ ε admit an asymptotic expansion in terms of powers of ε :
We recall here the basic construction. The functions u j can be inductively determined by requiring that 17) with initial data
In particular, we have u 0 . =ũ , while u 1 is found by solving the linear equation
In general, u j satisfies a linear equation of the form
where the coefficients A, B are smooth and depend on the previous functions u 0 , . . . , u j−1 . The linear equation (2.19) can of course be solved by the method of characteristics. Recalling (2.11), we conclude that the restriction of all functions u j to the region
is independent of the choice of the smooth functionũ.
To estimate the remainder term R k,ε in (2.16), we introduce the functions
For each k ≥ 1, the remainder R k,ε satisfies a nonlinear equation of the form, with w as the unknown,
with zero initial data. Recalling (2.17), one can write (2.21) in the equivalent form
where Φ k,ε is the smooth function defined by
Moreover, by the smoothness of the functions u 0 , . . . , u k , for every ν ≥ 0 we have lim sup
Therefore, for every k, ν ≥ 1 there exists a constant C k,ν such that
for every ε > 0 sufficiently small.
4.
In the remainder of the proof we compare the solution u ε of (2.4) with the solutioñ u ε . Uniformly on the domain Ω α,β defined in (2.20), for any k ≥ 1 we claim that
Together, (2.24) and (2.25) will establish the theorem. The estimate (2.25) will be established by a homotopy method. For θ ∈ [0, 1], define w ε,θ as the solution to the following Cauchy problem
Observe that w ε,0 = u ε while w ε,1 =ũ ε .
To prove the estimate (2.25), it suffices to prove an estimate on the partial derivative
uniformly on Ω α,β . Toward a proof of (2.28), we observe that the function z . = ∂ ∂θ w ε,θ provides a solution to the linear, non-homogeneous Cauchy problem
Before working out details, we explain here the heart of the matter. According to (2.29)-(2.30), the initial data vanishes in a neighborhood of the interval [α(0), β(0)]. Moreover, the source term φ vanishes on a whole neighborhood of Ω α,β . If ε = 0, the equation (2.29) reduces to a first order linear equation, and the method of characteristics immediately yields z = 0 on a neighborhood of the domain Ω α,β . On the other hand, for ε > 0, the small diffusion, which possibly takes mass inside the domain, is overwhelmed by convection, which transports mass with a speed that points strictly outward across the boundaries of Ω α,β . The total mass which is found inside the domain is thus o(ε k ), for every k ≥ 1.
It is convenient here to rescale time and space coordinates. In terms of the new coordinates (t , x ) = (t/ε , x/ε), the linear Cauchy problem (2.19)-(2.30) takes the form
Notice that in this case the solution is uniformly Lipschitz continuous on the domain
Moreover, for all ε > 0 sufficiently small, the drift λ = f (w ε,θ ) ≈ f (u) points strictly outward, on the regions
The key fact is that, as ε → 0, the width of these regions grows as η /ε. By linearity, the solution of the Cauchy problem (2.31)-(2.32) is the sum of two solutions: one with initial data and source term supported in the region where x < α(t), and one with initial data and source term supported in the region where x > β(t). We can thus apply Lemma 1 (see Appendix) to each of these solutions, obtaining the bound
Returning to the original variables, for x ∈ [α(t) + η , β(t) − η ] using (2.34) we conclude
Since 0 , η > 0, this implies (2.25), completing the proof of Theorem 1.
Next Corollary gives an estimate to the remainder term in the expansion (2.8 
for every k, ν ≥ 1.
Proof. In view of (2.14), it suffices to show that the differenceũ ε − u ε converges to zero in C ν (Ω δ ) faster than any power of ε.
In the rescaled variables (t , x ) = (t/ε, x/ε), the functions u ε ,ũ ε satisfy the uniformly parabolic equations
Moreover, their initial data are smooth restricted to the intervals [a(0)/ε , b(0)/ε] . By standard parabolic estimates, all their derivatives remain uniformly bounded on the rescaled domains Ω α,β ε at (2.33), namely
In the original variables t, x, for every ν ≥ 0 this yields the estimates
for a suitable constant C ν . The bounds (2.36) are far from optimal, but suffice for our purposes. Indeed, let integers ν, ≥ 1 be given. Using (2.9) with k = ν + + 1 one obtains
By interpolation, (2.36) and (2.37) yield
Since ν, are arbitrary, the Corollary is proved.
Next Corollary shows that an integral across a shock also admits a similar expansion.
Corollary 2. Fix a time τ > 0 and assume that u is smooth on a neighborhood of two backward characteristics passing through the points (τ,ā) and (τ,b). Then the integral
admits an expansion of the form
Proof. Call t → a(t), t → b(t) the two characteristic curves. Since the equation (1.3)
is in conservation form, we can write
(2.40)
Even if the limit solution u contains shocks inside the region bounded by the characteristics a(·) and b(·), applying Corollary 1 with ν = 1 we obtain that the last integrands in (2.40) admit an asymptotic expansion in powers of ε. This concludes the proof. The previous results are obtained assuming that all viscous solutions have the same initial data (2.2). One can show that the same conclusions hold provided that the initial data u ε (0, ·) converge toū in a suitable way. , a) ) and , b) ), then the conclusion of Corollary 1 remains valid.
41) holds as ε → 0+, in neighborhood of the point y. Then the conclusion of Theorem 1 remains valid. If expansions of the form (2.7) hold in a neighborhood of the two points
The proof is the same as in Theorem 1, except that the initial data for z now is not ≡ 0 but satisfies an estimate
The conclusion does not change.
Numerical Experiments
In this section we present some numerical experiments to verify our theoretical findings in Section 2. Assume some quantity u(ε) admits a power expansion in ε such that
Knowing the values of u for different values of ε allows us to obtain high order approximation to the zero limitū by Richardson extrapolation technique. Say if we computed u 1 = u(ε) and u 2 = u(ε/2), then 2u 2 − u 1 is a second order approximation toū,
By choosing a sequence of ε, we can generate a triangular table. If the rates of convergence are as expected, it is an indication that the expansion is valid.
In our numerical experiments we consider the viscous Burgers' equation
with periodic initial condition u(x, 0) = 1 − sin(2πx).
For any positive ε, solutions of (3.1) are smooth for all time. Theoretically viscous shocks will form at t = 1. Several experiments are carried out.
Extrapolation in smooth region; Theorem 1.
In this computation we want to verify Theorem 1, i.e., an expansion as in (2.8) is valid in the smooth region that satisfies the assumptions in Theorem 1. Our numerical approximation is computed on the interval x ∈ [0, 1], and we impose corresponding periodic boundary conditions at x = 0 and x = 1. We consider three cases: at t = 0.5 (before shock formation), at t = 1 (right at shock formation) and at t = π 2 (after shock formation). To compute the solutions to the viscous Burgers' equation, we use high order numerical approximation: we use a fifth order finite difference WENO reconstruction in space direction and third order TVD Runge-Kutta in time discretization. We refer to [18] for the detail of high order finite difference WENO schemes. Grid size is chosen very small to give an accurate approximation.
We compute solutions to viscous Burgers' equation with a sequence of ε, chosen in a way such that ε i+1 = 1 2 ε i . Provided that the expansion (2.8) is valid, one can design a Richardson extrapolation technique to obtain higher order approximation to the zero limit. Letū ε be the (numerical) solutions to the viscous Burgers' equation, and u the (exact) solution of the invicid Burgers' equation. At a point x = x s where the invicid solution is smooth, the errors at different levels of extrapolations are computed as
The results are shown in Table 3 .1. We see clearly that they show a solid support to the expansion (2.8).
Integral across a shock; Corollary 2.
The goal of this experiment is to numerically support our Corollary 2. In our test problem, the shock is formed at t = 1 where x = π 2 , with shock speed 0. At t = π 2 , after t = 1/2, before viscous shock is formed. ε e 1 r e 2 r e 3 r 1/20 3.9922e-2 1/40 2.0330e-2 0.9735 7.3812e-4 1/80 1.0255e-2 0.9873 1.8040e-4 2.0395 5.4983e-6 1/160 5.1498e-3 0.9937 4.4387e-5 2.0000 9.5282e-7 2.5300 1/320 2.5804e-3 0.9972 1.0994e-5 2.0324 1.3672e-7 2.7999 1/640 1.2915e-3 0.9985 2.7349e-6 2.0065 1.8176e-8 2.9109 t = 1, the time when viscous shock is formed.
ε Table 1 : Errors of extrapolation in smooth region.
shock formation, we consider the integral
across the shock for the viscous equation, and compare it to the same integral for the invicid equation
Again, we compute severalĪ ε with the same choices of ε as in our previous test. Assume the expansion (2.39) is valid, we can again design a Richardson extrapolation technique, and the errors at each level are
The results are shown in Table 3 Table 2 : Errors and rates of convergence for I, the integral across a shock.
Recovering shock location with high order accuracy.
Based on Theorem 1 and Corollary 2, we can design an algorithm to recover the location of a shock with high order accuracy as follows.
• We first roughly determine the shock location x s . This can be achieved by two tale-telling signs: (1) • We construct an interval around x 0 , containing the shock. In our experiment, we choose the interval [a, b] where a = x 0 − | 4ε log(ε) | and b = x 0 + | 4ε log(ε) |.
• For the integral I across the shock, provided the expansion (2.39), we can extrapolate to get high order accuracy:
• At the points a, b, we reconstruct two fifth order polynomials P a (x), P b (x) from extrapolated high order approximate solution v = 1/3u ε − 2u ε/2 + 8/3u ε/4 .
• We use the polynomials P a (x), P b (x) as high order approximation to the invicid Burgers' equation at the left and the right of the shock, respectively. The approximated shock locationx s can then be computed by solving the equation
The errors and rates of convergence are given in Table 3 Table 3 : Errors and rate of convergence of recovered shock location at t = π/2.
In the smooth region inside a rarefaction wave
This numerical experiment studies if an expansion of the form (2.8) is also valid in the smooth region in the middle of a rarefaction wave. We note that a theoretical proof of such an expansion is not provided in this paper. The difficulty lies in the fact that the backward characteristics for a smooth region in the rarefaction fan will join at a point where the initial discontinuity lies. The technique for proving Theorem 1 can not be applied in this case. This is a topic of further research for the authors. Here, however, we present a preliminary numerical study which indicates that such an expansion is also valid.
We choose our initial data with a discontinuity of an upward jump,
We consider the point at t = 1 and x = 0, which lies in the middle of the rarefaction fan. The experiment is carried out in a similar way as in our first test in Section 3.1. The errors and rates of convergence are presented in Table 3 Table 4 : Errors and rate of convergence at t = 1, in the smooth region inside a centered rarefaction fan.
with λ uniformly bounded. Assume that there exist constants 0 < η ≤ 1, η > 1/2η and a smooth curve t → α(t) with the following properties
Then the solution satisfies
Here the constants
and on the local Lipschitz constant of λ in a neighborhood of (t, x), but not on η .
Proof. By possibly replacing x by the shifted space variable y = x − α(t), it is not restrictive to assume that α(t) . = 0. For some constants η,λ > 0 we thus have
The proof will be given in several steps.
1.
Consider the fundamental solution Γ(t, x, τ, y) of the linear homogeneous equation
with initial data at time τ consisting of a unit mass concentrated at the point y. The first step in the proof is to show that, for any y ≤ 0, the total mass that creeps inside the half line x > η /2 is small. Indeed, Γ = Z x , where Z provides the solution to it is straightforward to check that the function
is a lower solution to (A.9). In particular, for every t > τ we obtain the upper bound (A.14)
Recall that, for s > 0, 
